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Abstract
We introduce the concept of quasirational relation modules for discrete (pro-
p) presentations of discrete (pro-p) groups. It is shown, that this class of
presentations for discrete groups contains CA-presentations and their subp-
resentations. For pro-p-groups we see that all presentations of pro-p-groups
with a single defining relation are quasirational. We offer definitions of p-
adic G(p)-completion and p-adic rationalization of relation modules which
are adjusted to quasirational pro-p-presentations. p-adic rationalizations of
quasirational relation modules of pro-p-groups are isomorphic to Qp-points
of abelianized p-adic Malcev completions.
Keywords: rational homotopy theory, classification of homotopy type
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1. Introduction and motivations.
Whitehead asphericity question is one of the oldest problems in Com-
binatorial Group Theory. Similarly, validity of analogs of Lyndon Identity
Theorem in Combinatorial Theory of pro-p-Groups (Serre , 1963, 10.2) is still
far to be understood. We introduce a class of finite presentations (”quasira-
tional” presentations) which contains aspherical presentations as well as their
subpresentations. In a pro-p case (pro-p-groups are projective limits of finite
p-groups with its pro-p-presentations, every pro-p-group could be presented
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as some factor of free pro-p-group with an appropriate space of topologi-
cal generators by a certain closed normal subgroup (see Serre (1997))) our
concept includes one-relator pro-p-groups.
Permutational features of relation modules plays the key role in aspheric-
ity type problems Chiswell, Collins, Huebschmann (1981); Melnikov (2002).
Moreover permutationality unlike asphericity behaves properly with respect
to coinvariant completions of relation modules and holds by their scalar ex-
tensions. We will see that quasirational presentations may be studied by
passing to rationalized completions R⊗̂Qp := lim←−
R/[R,RMn] ⊗ Qp (since
lim
←−
is left exact for quasirational pro-p-presentations we have an embedding
of abelian groups R →֒ R⊗̂Qp) in a spirit of Gaschu¨tz theory (see Gruenberg
(1976)). R⊗̂Qp has a structure of topological O(Fu)
∗−module in a sense of
Hain (1991), where Fu be a free prounipotent group with a complete Hopf
algebra O(Fu)
∗ := Homk(O(Fu), k) (the ”coordinate ring” of Fu i.e. dual to
the representing Hopf algebra O(Fu) of Fu ((Vezzani , 2012, 3))). The same
structure is valid for quasirational presentations of pro-p-groups.
As we will show, there is an isomorphism R⊗̂Qp ∼= R∧u(Qp) in the cate-
gory of topological O(Fu)
∗- modules, where R∧u(Qp) is a certain prounipotent
module over the same complete Hopf algebra. The latter category seems ex-
tremely convenient for the required calculations.
2. Quasirational relation modules.
For pro-p-groups, fix a prime p > 0 throughout the paper (see
Serre (1997) for details on pro-p-groups). For discrete groups, p will
vary. Let G be a (pro-p)group which has a (pro-p)presentation of finite type
1→ R→ F → G→ 1 (1)
Let R = R/[R,R] be the corresponding relation G-module, where [R,R]
is a (closed) commutator subgroup (in the pro-p-case). Then denote Mn
the corresponding Zassenhaus p-filtration of F, which is defined by the rule
Mn = {f ∈ F | f − 1 ∈ ∆
n
p , ∆p = ker{FpF → Fp}} (see (Koch , 1970,
7.4) for details).
Definition 1. A presentation 1 is quasirational if for every n > 0 and each
prime p > 0 the F/RMn-module R/[R,RMn] has no p-torsion (p is fixed
for pro-p-groups and run all primes p > 0 and corresponding p-Zassenhaus
filtrations in discrete case). The relation modules of such presentations will
be called quasirational relation modules.
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Example 1. Let R is a (pro-p-)permutational G-module, so by definition R
has a permutational G-basis as a projective (Zp)Z-module. Then, obviously,
R is quasirational.
Remark 1. The definition of quasirationality is rigid. Since R/[R,F ] has
no torsion, then the Schur multiplyer has no torsion. As a consequence we
see that Z ⊕ Z/pZ has no quasirational presentations. If G is a finite p-
group, then H2(G) has a finite exponent and is not trivial while G is not a
cyclic (since its mod(p) factor is not trivial). Hence the only finite p-groups,
which have quasirational presentations are cyclic. This shows that quasir-
atinal finite p-groups match with finite aspherical pro-p-groups (Melnikov ,
2002, Theorem 2.7).
We need the following elementary
Lemma 1. Let G be a finite p-group acting on a finite abelian group M of
exponent p. Then the factor module of coinvariants MG =M/(g− 1)M 6= 0,
where (g − 1)M is a submodule of M , generated by elements of the form
(g − 1)m, where g ∈ G,m ∈ M .
Proof. We prove by induction on a rank n of M . If n = 1 then M = Z/pZ
is a trivial G-module, since (| Aut(Z/pZ) |, p) = (| Z/(p − 1)Z |, p) = 1,
so MG = M 6= 0. Let n = k, then a submodule of G-fixed elements of M
is not trivial (Serre , 1979, Ch IX, 1) and contains M0 = Z/pZ which has
trivial G-action. Let M1 = M/M0 and ψ : M → M1 is the corresponding
homomorphism of factorization. Since ψ((g − 1)M) = (g − 1)M1, ψ induces
the surjectionMG ։ (M1)G. But (M1)G 6= 0 by induction henceMG 6= 0.
There is an old problem due to (Serre , 1963, 10.2) concerning the de-
scription of relation modules of pro-p-groups with a single defining relation
(i.e. dimFpH
2(G,Fp) = 1 (Serre , 1997, 4.3)). We have:
Proposition 1. Suppose (1) is a presentation of a pro-p-group G with a
single defining relation, then (1) is quasirational.
Proof. Note that R/[R,RF ] = R/[R,F ] = Zp, where R = (r)F is the topo-
logical normal closure of r ∈ Fr(F ), Fr(F ) is the Frattini subgroup of a
free pro-p-group F . Indeed, let φ : R → Zp be a projection of R onto a
free cyclic subgroup generated by r. Since we can take a basis (a profi-
nite subspace) of R as a free pro-p-group consisting of conjugates of r, i.e.
3
rf , f ∈ F , there exists a surjection R/[R,F ] ։ Zp. However R/[R,F ] is
generated by the image of r, i.e. r ∈ R/[R,F ] = 〈r〉 = Zp. Suppose
Rn = R/[R,RMn] has torsion, then R/[R,RMn] = Mtors
⊕
MZp where
Mtors is a torsion subgroup, MZp is a projective Zp-module. Mtors and
MZp are Zp[Gn]-submodules, where Gn = F/MnR. Consider mod(p) re-
duction of Rn, then Rn/pRn as a Fp[G/MnR]-module has a decomposition
Rn/pRn = Mtors/pMtors ⊕ MZp/pMZp. Mtors 6= 0, hence Mtors/pMtors 6=
0. Now Mtors/pMtors is an abelian group of exponent p, Gn is a finite p-
group which acts on a finite abelian group of exponent p so by the lemma
(Mtors/pMtors)G 6= 0. Since (MZp)G = Zp we have dimFp((MZp/pMZp)G ⊕
(Mtors/pMtors)G) = dimFp(R/R
p[R,F ]) = dimFpH
2(G,Fp) = 1 (Serre , 1997,
4.3). Therefore dimFp((MZp/pMZp)G) = 1. Hence we have a contradiction
dimFp(Mtors/pMtors)G = 0 and R/[R,RMn] has no torsion.
Let (1) be a presentation of a discrete group. Then K(X ;R) denotes the
standard two-dimensional CW -complex of 1 (see Chiswell, Collins, Huebschmann
(1981) for details). We call 〈X ;R〉 aspherical if K(X ;R) is aspherical, i.e.
πq(K(X ;R)) = 0, q ≥ 2. Simple asphericity is in a way a rather restrictive
concept and therefore needs to be extended. There is an attractive setting of
CA(combinatoricaly aspherical)-presentations (Chiswell, Collins, Huebschmann ,
1981, 1) which can be characterized by the following:
Proposition 2. Let 〈X ;R〉 be a presentation of G and suppose every element
of R is reduced. Let N be the corresponding relation module. Then 〈X ;R〉
is CA and concise if and only if N decomposes as a ZG-module into a direct
sum of cyclic submodules Pr, r ∈ R, where Pr is generated by r = rN
′ subject
to the single relation π(s)r = r, s being the root of r.
Proof. (Chiswell, Collins, Huebschmann , 1981, 1.2)
Proposition 3. Let (1) be a discrete CA-presentation (so it has a permuta-
tion relation module), then (1) and all subpresentations of (1) are quasira-
tional.
Proof. Let R−1 be a presentation without any one relator (excluded from
R). First prove the statement for R−1, in general the proof will be the same.
First note that R−1/[R−1, F ] = Z
r−1 since its coinvariants could be mapped
into coinvariants of a permutation module (see the previous proof); moreover
there is a homomorphism of abelian groups φ : R−1/[R−1, F ]→ R/[R,F ] and
since R/[R,F ] is a free abelian group, the image is just a copy of Zr−1. Indeed
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R−1/[R−1, F ] as an abelian group is generated by (r−1) elements (so it must
be isomorphic to Zr−1). If the abelian group R−1/[R−1, R−1Mn] for some
p-Zassenhaus filtration Mn has torsion then torsion elements Mtors must
generate a direct Gn-module summand and we use mod(p) reduction and the
lemma to see that the coinvariants of Mtors/pMtors will bring a new non zero
torsion summand in R−1/[R−1, F ]. Hence we see that R−1/[R−1, R−1Mn]
has no torsion.
Remark 2. CA-presentations and pro-p-aspherical relation modules (Melnikov ,
2002, 2) are the main motivations for our concept of quasirationality. Their
remarkable features were understood in Chiswell, Collins, Huebschmann (1981)(for
discrete presentations) and Melnikov (2002) (for pro-p-groups).
Proposition 4. Let (1) is a (pro-p-)presentation, then the following condi-
tions are equivalent:
(i) (1) is quasirational
(ii) abelian (pro-p-)group R/[R,F ] has no torsion
Proof. See the previous proofs.
Proposition 5. (i) Let (1) is an aspherical (pro-p-)presentation Melnikov
(2002), then (1) and all its subpresentations are quasirational.
(ii) Let (1) be a quisirational presentation of a pro-p-group G, then all
presentations of G are quasirational
Remark 3. Let v is a generator of the mod(p) relation module R/pR of
a one-relator pro-p-group. Suppose H is the stabiliser of v by the action
of G. Then there is a surjection η : Fp[[G/H ]] ։ R/pR and we wants
to check when η is isomorphism. It’s enough to establish injectivity of the
map gr(η) : gr∆Fp[[G/H ]] ։ gr∆R/pR. Then the theorem due to Alperin
(Shalen , 1994, Corollary) gives a criterion of injectivity.
3. The p-adic rationalization of quasirational relation modules.
For every relation module R, similarly to (Bousfield , 1992, 8), we intro-
duce the notions of p-adic G(p)-completion Rc and p-adic rationalization:
Definition 2. . Let R be a quasirational relation module, let Rc be its cor-
responding p-adic G(p)-completion. Set
Rc = lim←−
R/[R,RMn]⊗Z Zp = lim←−
(R/[R,RMn])
∧,
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where (R/[R,RMn])
∧ is just a pro-p-completion of a finitely generated free
abelian group (Rc ∼= R in a case of pro-p-presentations). Define p-adic ra-
tionalization as a pro-fd (finite dimensional)-module over pro-p-completion
G∧ of G (Serre , 1997, 1.4) which is by definition
Rc⊗̂ZpQp = lim←−
(R/[R,RMn])
∧ ⊗Zp Qp.
If (1) is some quasirational presentation, then we can look at topological
closure R̂ of R in the pro-p-topology of F , i.e.
R̂ ∼= lim←−
Uo⊳F
R/R ∩ U, | F : U |= ps. (2)
In general R could have many more “open” subgroups than those which arise
as intersections R∩U where UoEF , hence the behavior of R̂ in general differs
from that of Rc.
Let’s explore carefully quasirational pro-p-presentations of finite type.
First note that the group of Qp-points of any affine group scheme G has the
p-adic topology. Indeed, (Deligne, Milne , 1982, Chap.2) shows that G can
be expressed as a filtered inverse limit
G = lim
←−
Gα
of linear algebraic groups. Each Gα(Qp) has a canonical p-adic topology
induced by the embeding Gα →֒ GLn. Define the topology on G(Qp) by
G(Qp) = lim←−
Gα(Qp).
Definition 3. Fix a pro-p-group G. Define p-adic Malcev completion of G
by a universal diagram where ρ is continuous Zarissky-dense homomorphism
of G into Qp-points of a prounipotent affine group G
∧
u(Qp)
G∧u(Qp)
τ

G
ρ 88qqqqqqq
χ &&▼
▼▼
▼▼
▼▼
H(Qp)
We require that for every continuous Zarissky-dense homomorphism χ into
Qp-points of a prounipotent affine group H there is a unique homomorphism
τ of prounipotent groups, making the diagram commutative.
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Such an object always exists (Hain , 1993, Prop.2.1);Knudson (2002);
Hain, Matsumoto (2003).
Take a presentation (1). Since F is a free pro-p-group, it embeds into
p-adic Malcev completion Fu and we can form Ru ⊳Fu, the Zarissky closure
of R in Fu. The universal property of R
∧
u defines a homomorphism τ
R∧u
τ

R
::✈✈✈✈✈✈
i $$■
■■
■■
■
Ru
which must be onto since im(τ) ⊇ R (R is dense in Ru). Passing to
abelianizations we obtain a homomorphism of abelian prounipotent groups
τ : R∧u → Ru
In a forthcoming paper we include τ into a sequence of prounipotent
abelian groups in a way similar to (Brown, Huebschmann , 1982, Prop.7,
Cor.),
0 // ̟2 // Cu //
η
  ❅
❅❅
❅❅
❅❅
❅
Ru // 0
R∧u
τ
>>⑦⑦⑦⑦⑦⑦⑦⑦
(3)
where η could be studied, completing fibrations (Pridham , 2011, 3.4). The
diagram (3) implies the sequence of Qp-points
Cu(Qp) // //
η(Qp) %% %%❏
❏❏
❏❏
❏❏
❏❏
Ru(Qp)
R∧u(Qp)
τ(Qp)
99 99ttttttttt
But the starting point and motivation is here:
Theorem 1. Let (1) be a quasirational pro-p-presentation, then there is an
isomorphism of topological O(Fu)
∗− modules of finite type (Hain , 1991, 3)
(we use a slightly different than (Hain , 1991, 2.5) topology on tensor products
to obtain continuous actions of O(Fu)
∗)
ψ : R⊗̂ZpQp
∼= R∧u (Qp)
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Proof. (just a basic construction of ψ) We prove that Rc⊗̂ZpQp has the uni-
versal property of p-adic Malcev completion with respect to dense continuous
homomorphisms of pro-p-group R into abelian pro-unipotent groups. Since
every pro-unipotent group is an inverse limit of some surjective inverse system
of unipotent groups we need to prove the universal property just with respect
to homomorphisms into abelian unipotent groups. Let φ : R → U ∼= Qlp be
any continuous Zarissky-dense homomorphism. Since φ(R) is dense inQlp and
Zp is PID then φ(R) ∼= Z
l
p (compare (Hain, Matsumoto , 2003, Lemma7.5)).
But then quasirationality implies the existence of required ψ : R⊗̂ZpQp → Q
l
p.
More exactly, let γn : Z
l
p ։ Z
l
p/p
nZlp,W = ker(γn ◦ φ). By construction (2)
of the topology on R we can find k ∈ N such that R ∩ Mk ⊆ W but
[R,Mk] ⊆ R ∩Mk. Take the canonical epimorphism ξk : R։ R/[R,RMk].
Since R/[R,RMk] has no torsion we know that ∃ηk : R/[R,RMk] ։ Z
l
p so
define ψ = (ηk ◦ ξk)⊗ id.
Routine checking shows that ψ is a O(Fu)
∗− module homomorphism,
O(Fu)
∗− module structures on the left and on the right are defined from the
actions of F and Fu by conjugation (details in Mikhovich (2015)).
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